Self-synchronized phenomena generated in rotor-type oscillators mounted on a straight-line spring-mass system are investigated experimentally and analytically. In the present study, we examine the occurrence region and pattern of selfsynchronization in two types of coupled oscillators: rigidly coupled oscillators and elastically coupled oscillators. It is clarified that the existence regions of stable solutions are governed mainly by the linear natural frequency of each spring-mass system. The results of numerical analysis confirm that the self-synchronized solutions of the elastically coupled oscillators correspond to those of the rigidly coupled oscillators. In addition, the results obtained in the present study are compared with the previously reported results for a metronome system and a moving apparatus and the different properties of the phenomena generated in the rotor-type oscillators and the pendulum-type oscillators are shown in terms of the construction of branches of self-synchronized solution and the stability.
Introduction
In the field of mechanical engineering, self-synchronized phenomena (1) are well known as important phenomena for utilizing vibration, and several applications have been developed, including a vibration sifter (2) , (3) and a vibration conveyor (3) - (6) . Most of the work has been reported on efficient occurrence conditions in individual systems with a focus on the development of new mechanisms. However, the occurrence mechanism of the self-synchronized phenomena has not been fully clarified. Our objective in studying the self-synchronized phenomena is the investigation of the essential occurrence mechanism, which is common to various mechanical systems, in order to develop additional excellent technologies for utilizing vibration.
As part of such a study, we have reported on a variety of self-synchronized phenomena generated in pendulum-type oscillators (7) . In this system, developed by Sato et al. (8) , two oscillators (metronomes) are fixed on a horizontal vibratory platform hung by wires, and, thus, the oscillators are excited to each other through the platform. Hereinafter, this type of system is referred to as rigidly coupled oscillators. Furthermore, the authors have developed a moving apparatus that uses self-synchronized phenomena generated in rotor-type oscillators (9) . This system consists of two mass-blocks coupled by a spring and a dashpot.
Each mass-block includes an oscillator (unbalanced DC motor) and is excited by adjoining mass-blocks. Hereinafter, this type of system is referred to as elastically coupled oscillators.
In the previous studies, it was confirmed that there are some differences of the phenomena generated in the metronome system and the moving apparatus. Realizing the different properties of individual phenomena is fundamental to the clarification of the occurrence mechanism of self-synchronization. However, the nonlinearity of oscillators and the coupling condition between oscillators differ between the two systems, and the construction of branches of the self-synchronized solution becomes complicated because of the impulsive force acting on metronomes and the friction force acting on mass-blocks. Therefore, it is difficult to compare the phenomena generated in these two systems.
Consequently, in order to examine the effect of the difference of the coupling condition between oscillators on self-synchronized phenomena, we develop two different types of coupled oscillators. In these systems, rotor-type oscillators are mounted on a straight-line spring-mass system in which the mass-blocks are rigidly or elastically coupled by a spring. In the present study, self-synchronized phenomena generated in the fundamental systems having two oscillators are investigated experimentally and analytically. The results obtained in the present study are compared with previously reported results for the metronome system and the moving apparatus, and the different properties of the phenomena generated in the rotor-type oscillators and the pendulum-type oscillators are examined.
Analytical models and equations of motion

Analytical models
The analytical models for the rigidly coupled oscillators and the elastically coupled oscillators are shown in Figs. 1(a) and (b), respectively. Here, n represents the number of oscillators in each model. The rotor-type oscillators are constructed from double-shaft DC motors and pairs of unbalanced masses. These oscillators are mounted individually on the blocks, which are movable on a low-friction guide rail. When the voltages are supplied to the DC motors, the unbalanced masses rotate in the vertical plane and the blocks vibrate in the horizontal direction (in the direction of the x -axis).
In the rigidly coupled oscillators, as shown in Fig. 1(a) , the blocks are set in series, each block is rigidly coupled to the next block, and the blocks of both ends are coupled to fixed walls by coil springs. On the other hand, in the elastically coupled oscillators, as shown in Fig. 1(b) , each block is coupled to next block by a coil spring.
In the following description, the i th block from the left is denoted as Block i , the pair of unbalanced masses on Block i is described as Weight i , and symbols with subscript i represent the physical quantities related to Block i and Weight i . Each block is modeled as a rigid body of mass b m , which includes the mass of the DC motor, and each pair of unbalanced masses is treated as a point mass m located at a distance R from the rotation axis. The spring constants of the coil springs are represented by 0 , , n k k , as shown in Fig. 1 . In addition, it is assumed that viscous damping forces act on the blocks from the guide rail, and the damping coefficients in the rigidly coupled oscillators and the elastically coupled oscillators are denoted by r c and e c , respectively. On the other hand, the equations of motion of Block i in the elastically coupled oscillators are derived as follows: 
Equations of motion
Rearrangement of Eqs. 
2 cos sin .
(ii) Equations of motion of the elastically coupled oscillators:
2 cos sin ,
Application of the shooting method (10)
The steady periodic solutions or the self-synchronized solutions of Eqs. (7) and (8) and Eqs. (9) and (10) are obtained by applying the shooting method. Here, the self-synchronized solution refers to a solution in which the variations of the variables other than i θ become zero when the DC motor rotates once per period (i.e., i θ is increased by 2π every period).
In the present systems, unlike in the metronome system and the moving apparatus, special processes for applying the shooting method are not necessary because there are no discontinuous components in the equations of motion. In actual applications, Eqs. (7) ~ (10) must be transformed into first-order ordinary differential equations, and these equations of variation must then be derived. However, the details are omitted here due to space limitations.
Experimental system
Experiments were performed in order to verify the validity of the analytical models shown in Fig. 1 . Photographs of the experimental apparatuses are shown in Fig. 2 , and the system parameter values are shown in Table 1 . The properties of the DC motors (A-max22 from Maxon, rated output 3.5 W) were obtained from the catalog, and the viscous damping coefficients were determined from actual measurements. In the elastically coupled oscillators, all spring constants are the same Figure 3 shows the outline of the experimental system. The experimental procedure was as follows. First, the apparatus was driven by supplying the voltages, and the acceleration data of the vibrating blocks were measured by sensors. Next, based on the result of the frequency analysis, the motion was judged as to whether synchronization occurred. For the case in which synchronization occurred, the motions of the blocks and the weights were measured using a motion capture system (Real Time Tracker Radish from Library). In the experiment of the present study, the graphic data were captured at the speed of 250 fps for 10 seconds using a high-speed camera (ES 310 from Redlake). 
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Experimental and analytical results
Results of rigidly coupled oscillators
First, the existence regions of self-synchronized solutions in the rigidly coupled oscillators are examined experimentally and analytically. This report treats only the self-synchronized phenomena in which the two oscillators rotate at the same frequency. In the experiment, the system was driven by supplying a range of voltage to Block 1 and a constant of 2.0 V voltage to Block 2. The self-synchronized motions were then measured. However, the maximum value of the voltages was set to 3.0 V for the sake of safety. In the analysis, the self-synchronized solutions (both the stable and unstable solutions) were computed by applying the shooting method with a varying voltage 1 e as in the experiments. The RKG method was employed for numerical integration in the shooting method and the division number per period was set to 2 048. The convergence criterion of the relative error was set to 10 -12 or less and double-precision variables were used. 
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Vol. 2, No. 3, 2008 As shown in the calculated results, the system of the rigidly coupled oscillators has one branch of the self-synchronized solution and there are two stable regions on this branch. Hereinafter, these stable regions are denoted by the symbols SR 1 and SR 2 , respectively. As an example, Fig. 5 shows the time histories of the self-synchronized solution in SR 1 and SR 2 . In SR 1 , the phase difference between the weights is less than 90 deg (hereinafter referred to as the in-phase mode), and Max | | x becomes larger, but syn f changes very little as 1 e is increased. This is due to the fact that the increase of the energy supplied to the DC motors is used for the increase of the amplitude of the block. On the other hand, in SR 2 , the phase difference between the weights is greater than 90 deg (hereinafter referred to as the out-of-phase mode), and syn f increases while the block hardly moves as 1 e is increased. This is due to the fact that the increase of the energy is used for the increase of the frequency of the DC motors. Thus, it was proven that there are different characteristics between the synchronized patterns in SR 1 and SR 2 . Next, in order to investigate the existence regions on the stable self-synchronized solutions, the same numerical analysis was performed for various values of 0 k . Figure 6 shows part of the solution branches where the stable regions exist. The abscissa of the figure shows 1 e , and the ordinate shows the ratio p f of the synchronized frequency to the linear natural frequency of the spring-mass system ( syn / 
Results of elastically coupled oscillators
Next, the existence regions of self-synchronized solutions in the elastically coupled oscillators are examined as in Section 4.1. As shown in the calculated results, the model of the elastically coupled oscillators has one branch of self-synchronized solution, and there are two stable regions on the branch. Hereinafter, these stable regions are denoted by the symbols SE 2 and SE 3 , respectively. Note that an unstable region caused by the Hopf bifurcation exists in SE 2 . In this unstable region, we have confirmed that the quasi-periodic vibrations were generated in the numerical simulation. As shown in Fig. 7 , the calculated results differ somewhat with respect to stability from the experimental results than the results of Fig. 4 . These differences are most likely due to the increase of the degree-of-freedom of the spring-mass system. However, every experimental result corresponds qualitatively to the self-synchronized solutions in SE 2 and SE 3 . Furthermore, it has been confirmed that quasi-periodic vibrations were generated in the experimental results corresponding to SE 2 in the range of
. Based on these results, the overall properties of the experimental results are in rough agreement with those of the calculated results.
As an example, Fig. 8 shows the time histories of the self-synchronized solution in SE 2 and SE 3 . In SE 2 , every region of the self-synchronized frequencies exists in the range of 1 s y n 2 n n f f f < < , the phase differences between the weights and between the blocks are both out-of-phase mode, and the displacement of the center of gravity of the spring-mass system is very small. Therefore, it can be inferred from these characteristics that the selfsynchronized solutions in SE 2 correspond to those in SR 2 in the rigidly coupled oscillators. On the other hand, in SE 3 , every region of the synchronized frequencies exists in the range of syn 2 n f f > , and the phase difference between the weights and between the blocks are both in-phase mode.
In addition, when the supplied voltage 2 e of Block 2 is set to 0.8 V, another type of Arg( ) θ between the weights. As in the case of Section 4.2, the stable regions in the solution branches are distinguished by the symbols SE 1 , SE 2 , and SE 3 , respectively, and one of the unstable regions is distinguished by the symbol UE 3 . The □ symbols represent the stable solutions in SR 1 and SR 2 and the unstable solution in UR 3 for 0 1 321 N/m k = , 1 2.2 V e = and 2 2.0 V e = in Fig. 4 . From Fig. 11 , the following properties are related to relationship between the self-synchronized solutions of the rigidly coupled oscillators and the elastically coupled oscillators. First, in SE 1 , the amplitude of the block coincides with that of the other block on the in-phase mode as the value of 1 k is increased, and the solution branch approaches SR 1 in progression. In SE 2 , the displacements of both blocks decreases on the out-of-phase mode as the value of 1 k is increased, and the solution branch approaches SR 2 in progression.
Based on these characteristics, it is proven that the two types of stable regions, SE 1 3 , of which the synchronized patterns are equal to those of the stable solutions in SE 3 , exist in the range where 1 k is large and approach UR 3 in 1 k → ∞ . It is also confirmed that 
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As indicated by these results, the self-synchronized solutions of the rigidly coupled oscillators are equivalent to those of the elastically coupled oscillators in 1 k → ∞ . In addition, it can be confirmed that the different types of stable regions are separated by the linear natural frequencies of the spring-mass system. Fig. 12 Self-synchronized solution of metronome system (7) (Pendulum-type oscillators) nonlinearity of the rotor-type oscillators. Incidentally, the coupling system in SR 2 , which exists in both results, moves only slightly. In this case, syn f does not vary depending on n f because the constant energy is supplied to the oscillators. Therefore, in both structures of the solution branches, there are different characteristics that appear to rotate 180 degrees around point a.
Based on these results, it is proven that the reason for the constructional difference of the branches of self-synchronized solution is the difference of the nonlinearity of oscillators.
Case of the moving apparatus
Next, the self-synchronized phenomena generated in the present elastically coupled oscillators are compared with those generated in the moving apparatus (9) . The specifications of the moving apparatus are similar to those of the present elastically coupled oscillators, except that the friction force acts on the blocks from the floor and that neither end of the blocks are coupled to fixed walls. 
As shown in Fig. 14 , the moving apparatus has one branch of the self-synchronized solution, and there is a stable region on the branch. In the stable solutions, every region of the self-synchronized frequencies exists in the range of 1 s y n 2 n n f f f < < , and the phase difference between the weights and between the blocks are both out-of-phase mode. Therefore, this corresponds to the stable region (SE 2 ) of the present elastically coupled oscillators in Fig. 7 .
On the other hand, SE 1 cannot exist in the moving apparatus because 1 0 Hz n f = and SE 1 appears in the range of syn 1 n f f < . The × symbols on the solution branches denote the case in which the self-synchronized solution cannot be obtained due to the occurrence of jumping of the blocks. It has been confirmed analytically that the self-synchronized solution corresponding to SE 3 exists in the range of syn 2 n f f > when the blocks of the moving apparatus are attached to a low-friction guide rail. 
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Fig. 14 Synchronized solution of moving apparatus (9) (Rotor-type oscillators, 2 2.0 V e = )
Based on these results, it is proven that the constructional characteristics of the solution branches obtained in the moving apparatus are in good agreement with those obtained in the present elastically coupled oscillators.
Conclusions
The self-synchronized phenomena generated in two rotor-type oscillators that are coupled rigidly and elastically were investigated experimentally and analytically. The results confirmed that the existence region of the stable self-synchronized solution is strongly influenced by the linear natural frequencies of the spring-mass system that contain the oscillators. The different properties of the phenomena generated in the rotor-type oscillators and the pendulum-type oscillators were examined by comparing the results of the present system with those of the metronome system and the moving apparatus. The reason for the constructional differences of the branches of self-synchronized solution and the stability was proven to be the difference of the nonlinearity of oscillators.
In addition, it has been confirmed experimentally that the self-synchronized phenomena generated in three rotor-type oscillators have properties similar to those indicated by the above results. We will attempt to explore the influence of the difference of the nonlinearity of oscillators on the self-synchronized phenomena in the future. 
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